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ABSTRACT
We extend the general method of [4] to compute the consistent gauge anomaly
for noncommutative 4d SSYM coupled to chiral matter. The choice of the minimal
homotopy path allows us to obtain a simple and compact result. We perform the
reduction to components in the WZ gauge proving that our result contains, as lowest
component, the bosonic chiral anomaly for noncommutative YM theories recently
obtained in literature.
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1 Introduction
In the recent literature a large number of papers have appeared devoted to various
aspects of noncommutative eld theory. Some of these papers have concerned them-
selves with noncommutative supersymmetric eld theories, and a few have treated
the subject in a superspace context [1]. In this work, we address ourselves to the
superspace computation of the consistent anomaly for NCSYM, using some recently
developed methods [2, 3, 4]. We obtain the noncommutative version of the result in
ref. [4] and we show that the reduction to components agrees with the consistent
anomaly for the bosonic NCYM recently computed in ref. [5].
2 NC super Yang–Mills coupled to chiral matter
The noncommutative N = 1 supersymmetric Yang{Mills theory in four dimensions
can be dened on a superspace described by bosonic noncommutative x coordinates,
[x; x ] = i and spinorial anticommuting cooordinates f; g = f˙; ˙g = 0
[1]. In chiral representation the constraints for the superspace covariant derivatives
are solved by (we use the obvious generalization of Superspace [6] conventions)
r = (e−V )? ? D(eV )? r˙ = D˙ ra = − ifr;r˙g (2.1)
and the corresponding eld strengths are given by
W = i D
2
(
(e−V )? ? D(eV )?
)
 D2Γ
W ˙ = iD
2
(




where Γ and Γ˙ are the spinorial connections. Moreover, we have dened (e
V )? 
1 + V + 1
2
V ? V +   .
The dynamics of chiral scalar matter in the fundamental representation of the
gauge group minimally coupled to the gauge eld is described by the action∫
d8z  ? (eV )? ?  (2.3)
where  and  are chiral and antichiral superelds, respectively ( D˙ = D  =
0). Here we have used the notation z  (x; ; ). This action is invariant under
innitesimal gauge transformations generated by (anti)chiral parameters  ()
 = i ?    = − i ?  (2.4)
(eV )? = i
(
 ? (eV )? − (eV )? ? 
)
1
In order to perform standard functional calculations we recall some basic iden-
tities satised by the ?{product. Using the following property∫
d4x (f ? g)(x) =
∫
d4x f(x)  g(x) (2.5)









 (2 ? 3)(x)
=
∫
d4x (4)(x− y) (2 ? 3)(x) = (2 ? 3)(y) (2.6)
The same denition holds for the functional derivative with respect to 2 or 3 since,
by the cyclicity of the ? {product, the eld with respect to which we dierentiate
can be written as the rst entry of the product. As a consequence of the previous





d4x (1 ? 2 ? 3)(x) =
∫




d4x1 ?2 ?3 =
∫
d4x (1 ? 2 ? 3 + 1 ? 2 ? 3 + 1 ? 2 ? 3) (2.8)
The generalization of the previous identities to superspace is straightforward. In
particular, the functional derivative with respect to chiral and antichiral superelds
is dened as usual
(z)
(z0)
= D2(8)(z − z0) 
(z)
 (z0)
= D2(8)(z − z0) (2.9)
We now compute the covariant propagator for the chiral scalar described by the







d8w  ? (eV )? ? ]  (z) (2.10)
and make a change of variable  !  +   under which the functional integral





d8w ( ? (eV )? ? )(w)]
 [−
∫
d8u (  ? (eV )? ? )(u)  (z) +  (z)] (2.11)
Now taking the functional derivative = (z0) and reinterpreting the functional in-
tegral as giving an expectation value, we obtain〈∫





d8u(8)(u− z0) ? D2
[
((eV )? ? )(u)  (z)
]〉
−D2(8)(z − z0) = 0 (2.13)





= D2(8)(z0 − z) (2.14)
where the ?{product on the l.h.s. is with respect to the z0 variable. One now





= (e−V )? ? D2(8)(z0 − z) = r2 ? (e−V )? ? (8)(z0 − z) (2.15)
where r2  1
2
r ?r. We proceed then multiplying by r2 (remember that r2 =
D2, so the product is the standard product) and extending r2r2 acting on the
chiral supereld to the invertible operator
2+  r2r2 + r2r2 − r˙r2r˙ = 2 − iW  ?r − i
2










?r2 ? (e−V )? ? (8)(z − z0) (2.18)
where we have dened the inverse 1=2+ as the operator such that 1=2+ ?2+ ? f =
2+ ? 1=2+ ? f = f , for any f . Moreover, we have used the identity r22+ = 2+r2.
The short{distance behaviour of the propagator can be covariantly regularized









?r2r2 ? (e−V )? ? (8)(z − z0) (2.19)
Now, using the obvious identities


































dt(e2+t)? ?r2r2 ? (e−V )? ? (8)(z − z0) (2.23)
3
3 The noncommutative consistent anomaly
To compute the consistent anomaly due to chiral matter coupled to supersymmetric
noncommutative Yang{Mills, we follow the general procedure used in Refs. [3, 4]
supplemented by the choice of a minimal homotopic path, as suggested in [7].
We introduce a homotopic path g(y; V ), y 2 [0; 1], satisfying the boundary con-
ditions g(0; V ) = 1 and g(1; V ) = (eV )? for any V . Moreover, we dene the inverse
path g−1 as given by g−1 ? g = g ? g−1 = 1. The extended superspace covariant
derivatives and the corresponding spinorial eld strengths
r = g−1 ? Dg r˙ = D˙ ra = − ifr;r˙g
W = i D2(g−1 ? Dg) W ˙ = iD2(g ? D˙g−1) (3.1)




d8z  ? g ?  (3.2)
We write the eective action as















































where @x@x0   @@xµ @@x0ν . On the r.h.s. the extended propagator is present. Its
expression is simply given by (2.18) where all occurences of (eV )? have been replaced
by g. In particular, the covariant derivatives and the eld strengths are the ones
dened in (3.1).
























dt(e2+t)? ?r2r2 ? (e−V )? ? (8)(z − z0)
(3.6)
4
To construct the consistent anomaly we consider the variation of Γ due to an
innitesimal gauge transformation on V . Due to the identities (2.5, 2.8), the formal
derivation follows exactly the same steps as in the standard commutative case [4].
Varying (3.5), after an integration by parts on y we can write the consistent anomaly
as



































Note that, due to the identity (2.5), this expression can be equally well written with
?{products replacing the usual products. Being the variation of an eective action,
the anomaly (3.7) automatically satises the WZ consistency condition.
We rst concentrate on the explicit evaluation of the covariant term L. From




























(a trace in group theory labels is understood) where we have moved the factor
of (e−V )? in front since we are dealing with a trace, both in group theory and
superspace, and we have used the cyclicity property of the ?{product. From the
identity
(e−V )? ? (eV )? = − i
(
− (e−V )? ?  ? (eV )?
)
 − i(− ~) (3.9)
it is easy to prove that the expression for the covariant term splits into the sum
of a holomorphic and an anti-holomorphic contribution. We can then concentrate
only on the holomorphic part, the ~ term being simply obtained by hermitean
conjugation.
Proceeding as in the commutative case, we replace in (3.8) (e−V )? ? (eV )? with
−i, and rst pull out a r2 from the superspace measure which, due to the chirality
property of the various quantities in the integrand, can only act on the z0 appearing
in the -function (recall that we are rst taking the limit z0 ! z). Usingr2r2(8)(z−
z0)
 −










)?r2(8)(z − z0) (3.10)
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Now, we write





0)(4)( − 0) (3.11)
and move the exp(iMkx) factor past the (e2+=M
2
)? operator. Neglecting terms in
the exponential which eventually do not contribute to the anomaly, we obtain

















2+ikara=M+2=M2−iW α?rα=M2−i(rα?Wα)=(2M2))?r2(4)( − 0)








= eiMkx ? e−iMkx = 1 (3.13)
Moreover, performing the limit on the spinorial coordinates we obtain a zero result
except from terms, in the expansion of the exponential, that can produce a factor
of r2 which together with the r2 remove the (4)( − 0). The only non{vanishing
contribution comes from the second order term 1=2!(W  ?r)2 which also has the
correct 1=M4 factor to cancel the overall M4. Therefore, one can now take the limit
0 ! , remove the regulator, M !1, perform the k-integration of the remaining
e−k
2
factor, and obtain the nal form of the covariant anomaly





 ? W  ? W
]
+ h: c: (3.14)
We now focus on the evaluation of the consistent term in (3.7). We consider
the rst contribution in that expression (the second one is simply obtained by in-



























dt (e2+t)? ?r2r2 ? g−1 ? (8)(z − z0)
(3.15)
The calculation follows exactly the one for the commutative case, so that we list
here only the main steps, referring to [4] for more details.
Starting from (3.15) we rst perform the variation of the single operators. Using
the identities
g−1 = −g−1 ? g ? g−1
6
r = (g−1 ? Dg) = [r; g−1 ? g]?































ds(e2+s)? ?r2[r2; g−1 ? g]? ? (e2+(t−s))? ?r2r2 ? g−1
]
? (8)(z − z0)
(3.17)
Here [A; B]? is the Moyal bracket [A; B]? = A ? B − B ? A. Now, expanding the
commutator in the second line and using the cyclicity properties of the trace and
the ?{product, it is easy to see that the rst term eventually cancels when added to
the second contribution in (3.7) (the one obtained by interchanging g with @yg).
The second term from the commutator gives instead a nontrivial contribution which














ds(e2+s)? ?r2g−1 ? g ?r2 ?r2(er2r
2








ds(e2+s)? ?r2g−1 ? g ? @
@t
(e2−(t−s))? ?r2 ? g−1 (3.18)
where we have dened
2− = r2r2 +r2r2 −r ?r2r = 2 − iW˜ ˙ ?r˙ − i
2
(r˙W˜˙) (3.19)
with W˜˙ = −g−1 ?W ˙ ?g. To obtain the expression (3.18) we have used the identity




which can be easily proved by Taylor expanding the exponential.
The integration by parts of the @t derivative produces an integrated term which

















2+s)? ?r2g−1 ? g ? (e2−(1=M2−s))? ?r2 ? g−1 ? (8)(z − z0)
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This expression can be manipulated in the same manner as we treated the covariant
anomaly L. We introduce a momentum basis for the (4)(x − x0) factor (see eq.
(3.11)) and let the exponentials act on the eikx factor. This operation allows us
to bring the eik(x−x
0) term in front, while producing factors of Mk in the various
exponentials. The x0 ! x limit can be performed now using the identity (3.13).
In the limit M2 ! 1 and 0 !  factors from the expansion of the exponentials
proportional to (W ? r)=M2, (r ? W)=M2, (W˜ ˙ ? r˙)=M2 and (r˙W˜˙)=M2
give the relevant contributions, cancelling the overall M2 and the (4)(− 0) factor.










































h1 ? ( D˙h2) ? W˜˙ + h2 ? (Dh1) ?W
)
(3.22)
where h1  g−1 ? g and h2  g−1 ? @yg. Moreover we have dened DA  fr; A]?
for any scalar or spinor object A in the adjoint representation of the gauge group.
In the last equality Trs is the symmetrized trace dened as
Trs(A ? B













A ? B + B ? A
)]
for any scalar A and spinors B, C. Using the noncommutative extended Bianchi
identities DW + D˙W˜˙ = 0, one can easily show that the previous expression is
antisymmetric under the exchange h1 $ h2.
As in the commutative case [3, 4], two dierent choices of homotopic paths lead
to two cohomologically equivalent expressions for the consistent anomaly. Following
Refs. [7, 4], we choose the 4D, noncommutative N = 1 supersymmetric Yang-Mills
gauge theory \minimal" homotopy operator
g  1 + y ( (eV )? − 1 ) (3.24)
The advantage of this choice is easily understood from the identities
g = − iy
(




(eV )? − 1
)
(3.25)
which allow us to express h1 and h2 in (3.22) still as functions of (e
V )?. However,
since in the covariant derivatives the inverse g−1 is present, the nal expression
for the noncommutative anomaly is necessarily a non{polynomial function of (eV )?.
This signals the presence of a no{go theorem analogue to the one proved for the
standard commutative SYM [8].
8
With the minimal choice for the homotopy the 4D, noncommutative N = 1
supersymmetric Yang-Mills consistent anomaly is given by the imaginary part of a













[(eV )? ? G ? ] ?  ?W
+ [ I − (eV )? ? G ] ? [ ~˙ ?  ] ? W˜˙
) }
(3.26)
Here we have dened
G 
[
1 + y ( (eV )? − 1 )
]−1
; W  W(y = 1) = D2Γ
  (eV )? ? G ? G ? Γ ; ˜˙  eV G ? ~Γ˙ ? G
W  D2(G ? DG−1) ; W˜:  G ? [D2(G−1 ? D˙G) ] ? G−1
(3.27)
Explicitly, the extended eld strengths are given by
W  y(eV )? ? G ? !
!  W − (1− y)
[
~Γ˙ ? G ? Γa + (1− y)~Γ˙ ? G ? ~Γ˙ ? G ? Γ
− i
2
( D˙~Γ˙ − i~Γ˙ ? ~Γ˙) ? G ? Γ
]
(3.28)
W˜˙  y(eV )? ? G ? ~!˙
~!˙  W˜˙ + (1− y)
[







All the extended functions appearing on the l.h.s. of (3.27{ 3.29) are expressed in
terms of standard connections and eld strengths of the NCSYM theory. The tilde
quantities on the r.h.s. of these equations are dened as ~A  (e−V )? ? A ? (eV )?. In
the derivation of (3.26{3.29) we have made repeated use of the identities
D(e
V )? = − i(eV )? ? Γ ; D˙(eV )? = i(eV )? ? Γ˜˙ (3.30)
which follow from the denitions (2.2), and
G ? (eV )? = (eV )? ? G (3.31)
y G ? (eV )? = 1 − (1− y)G ; y ((eV )? − 1) ? G = 1 − G (3.32)
which are a consequence of the denition of the inverse function G.
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4 The physical bosonic component
We perform the reduction to components of eq. (3.26) and evaluate explicitly the
physical bosonic term. This amounts to compute the superspace integral and set
fermions and auxiliary elds to zero (auxiliaries can be neglected since they would
produce higher order contributions).
Since the noncommutativity features of the theory do not aect the supereld
structure, the denition of the WZ gauge can be inherited from the commutative
SYM theory [6]. Therefore, we perform the reduction by choosing the gauge
V j = DV j = D2V j = 0 (4.1)
where \j" means evaluation at  =  = 0. The basic ingredients required in the
calculation are the physical bosonic components of the connections and the eld
strengths. From the identities
D D˙ V j = − A˙ D˙ D V j = A˙ (4.2)
one easily obtains (! indicates that fermions and auxiliary elds have been ne-
glected)
 Spinorial connections
D˙Γj = iA˙ D D2 Γj ! f
D Γ˙j = iA˙ D2 D˙ Γ˙j ! f˙˙ + @˙ A˙ (4.3)
 Vector connection
Γaj = A˙
D D˙Γaj ! − i C˙˙ f D D2 D Γaj ! − @˙ f (4.4)
Γaj = A˙
D D˙
Γaj ! i C f˙˙ + i @˙ A˙ D D2 D Γaj ! − @ ˙ f˙˙
 Field strengths
D Wj ! f D˙ W ˙j ! f˙˙ (4.5)
Using these identities we can compute the relevant bosonic components of the quan-
tities which enter eq. (3.26). For ! and ~!˙ we nd
D !j ! f − i(1− y) A˙ ? A˙
D2 D˙ !j ! − (1− y) A˙ ? f − i(1− y)2 A˙ ? A˙ ? A˙ (4.6)
D˙ ~!˙j ! f˙˙ − i(1− y) A˙ ? A˙
D D
2 ~!˙j ! − (1− y) f ˙˙ ? A˙ + iy(1− y) A˙ ? A˙ ? A˙
− i(1− y) A˙ ? A˙ ? A˙ + i@˙ f˙˙ + (1− y) @˙ (A˙ ? A˙)
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In the derivation of these components we made use of the Bianchi identities
@˙ A˙ + @

˙ A˙ = − 2 f˙˙ + i [ A˙ ; A˙ ]? (4.7)
Proceeding in the same manner, for  and ~˙ we nd
D˙ j ! i A˙
D D
2 j ! f − i(1− 2y) A˙ ? A˙
D ~˙j ! i A˙ (4.8)
D2 D˙ ~˙j ! f˙˙ + @˙ A˙ + iy A˙ ? A˙ − i(1− y) A˙ ? A˙
We are now ready to compute the physical bosonic components contained in the
supersymmetric anomaly (3.26). In that equation we perfom the superspace integra-
tion, which amounts to apply D2 D2 to the entire expression and evaluate everything
at  =  = 0, and keep only bosonic terms.




d4x Tr(  f ? f ) (4.9)
In the reduction of the consistent part only terms at the most linear in V contribute.











 ?  ? ! + (1− y) (V ) ?  ? !
+ (1− y)  ?  ? (V !) − (1− y) V ? (~˙ ) ? ~!˙
)}
(4.10)

















 f ? f − i
12
 fA˙ ; A˙ ? fg? +
i
12




 fA˙ ; A˙ ? A˙ ? A˙g? +
1
60

















 fA˙ ; fg? ? A˙ +
1
30

















 fA˙ ; A˙ ? fg? +
1
30


















 f f ˙˙ ; A˙g? ? A˙ +
1
30
 fA˙ ? A˙ ; A˙g? ? A˙
]
(4.11)
The complete bosonic physical component is now obtained by adding (4.9), (4.11)
and their complex conjugates. Using the identities [6]






; F˜ab = i
[
C˙˙f − C f˙˙
]
(4.12)










ab + iF˜ ab ? Aa ? Ab
+ iAa ? F˜
ab ? Ab + iAa ? Ab ? F˜
ab − abcdAa ? Ab ? Ac ? Ad
] }
(4.13)





abcdAa ? Ab (4.14)










Ab ? @cAd − i
2
Ab ? Ac ? Ad
)}
(4.15)
This result coincides with the bosonic consistent anomaly derived in [5].
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